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We show that for an anomalous fluid carrying dissipationless chiral magnetic and/or vortical
currents there is a frame in which a stationary obstacle experiences no drag, but energy and charge
currents do not vanish, resembling superfluidity. However, unlike ordinary superfluid flow, the
anomalous chiral currents do transport entropy in this frame. We show that the second law of
thermodynamics completely determines the amounts of these anomalous non-dissipative currents in
the “no-drag frame” as polynomials in temperature and chemical potential with known anomaly
coefficients. These general results are illustrated and confirmed by a calculation in the chiral kinetic
theory and quark-gluon plasma at high temperature.
Introduction — The collective dynamics of a chi-
ral (parity-violating) medium associated with quantum
anomalies has become a subject of much attention re-
cently. In particular, currents along the direction of an
external magnetic field (chiral magnetic effect, or CME)
discussed hypothetically earlier [1] have been recently
proposed in Ref. [2, 3] as a possible explanation of the
charge dependent correlations observed in heavy-ion col-
lisions and of negative magnetoresistance in a Dirac-
semimetal [4, 5]. Currents in the direction of rotation
axis (chiral vortical effect, or CVE) also discussed in as-
trophysical context before [6] have been (re)discovered
in strong-coupling gauge-gravity calculations [7, 8]. The
generality of these effects and their connection to chiral
anomaly have been demonstrated in Ref. [9, 10] by apply-
ing the constraint of the second law of thermodynamics
to the hydrodynamic equations for the anomalous chiral
fluid.
One of the manifestations of the anomalous nature of
the CME and CVE currents is that these currents are
dissipationless and do not lead to entropy production,
in contrast, e.g., to the ordinary Ohmic current driven
by electric field, but similar to the persistent superfluid
currents. We wish to gain further understanding of the
non-dissipative nature of the anomalous transport.
How can one distinguish the anomalous CME/CVE
currents from the uniform (shearless) inertial motion of
the fluid as a whole in the same direction, which also does
not generate entropy and carries energy and charge? To
do this one needs to determine the “rest frame” of the
“normal” component of the flow. This situation appears
to be similar to the Landau’s two-fluid picture of the
superfluid [11]. The superfluid flow is also non-dissipative
and carries energy (mass) and charge. Since it carries
no entropy, one can define the rest frame of the normal
component as the frame where the entropy flow vanishes.
It is tempting to use the same criterion in the case of
the anomalous CME/CVE flows. We shall show that, in
general, this would not be correct, i.e., the CME/CVE
currents do carry entropy.
We propose that a natural way to define the “rest
frame” of the normal component is to insert an impu-
rity, or an obstacle, obstructing the flow as it is done,
e.g., in Ref. [12] for a gauge theory plasma with a heavy
quark. In general, the flow will exert force on the obsta-
cle, and if the obstacle is free to move it will accelerate
until it reaches a certain velocity at which the drag, and
thus acceleration, vanishes. One can say that the impu-
rity will then be carried by the flow and it defines the
“no-drag frame” – a natural (physically meaningful) rest
frame of the fluid.
We shall present a very general argument based on the
second law of thermodynamics which allows one to de-
termine such a no-drag frame, and thus the magnitude of
the energy, charge and entropy currents in it. Of course,
the magnitude of the drag force experienced by an im-
purity depends on the properties of the impurity itself
and its interaction with the medium. However, the ve-
locity of the no-drag frame is completely determined by
the second law of thermodynamics and is insensitive to
the details of impurity-medium interactions, thus repre-
senting the intrinsic property of the fluid itself.
If we apply this logic to a normal fluid in equilibrium,
the no-drag frame, of course, will be the Landau frame,
and the flows of energy, charge and entropy vanish in it.
For a superfluid, the no-drag frame is the frame where
the normal component is at rest, the energy and charge is
carried by the superfluid component, and there is no en-
tropy current. Using the second law of thermodynamics
we shall show that the anomalous CME/CVE currents
not only carry energy and charge, but also entropy in
the no-drag frame [13].
Anomalous hydrodynamics with drag — Let us con-
sider a fluid flowing past a fixed point-like obstacle, or
impurity, for example, an infinitely heavy quark, or possi-
bly a lattice of such impurities, or a porous solid medium.
The hydrodynamic equations then contain an additional
term due to the momentum transfer between the impu-
rities and the fluid:
∂µT
µν = F νλJλ −F
ν (1)
The local 4-momentum transfer from the fluid to the im-
purities, i.e., the drag force, per unit volume, Fν , de-
pends on the hydrodynamic variables and the 4-velocity
2of the impurity. We shall show that this dependence is
constrained by the second law of thermodynamics up to
an overall non-negative coefficient.
To simplify the analysis we shall consider a single-flavor
anomalous fluid obeying
∂µJ
µ = CE ·B (2)
where Eµ = Fµνuν and B
µ = (1/2)εµναβuνFαβ =
F˜µνuν as in Ref.[9]. The constitutive equations are given
by
T µν ≡ wuµuν + pgµν + T˜ µν ;
T˜ µν = (ξTωω
µ + ξTBB
µ)uν + (µ↔ ν), (3)
where w = ε+ p, and
Jµ ≡ nuµ + J˜µ; J˜µ = ξJωω
µ + ξJBB
µ, (4)
where ωµ = (1/2)εµναβuν∂αuβ and ξ’s are the anomalous
transport (CME and CVE) coefficients. We do not write
the usual dissipative terms due to viscosity and conduc-
tivity/diffusion because they will contribute only to an
increase of the entropy. The corresponding second-law
constraints on the viscosity and conductivity terms are
well known and their inclusion will not affect our results.
We can also think that we are considering an equilibrium
state of the fluid where all dissipative terms have already
vanished, except, possibly, for the drag force on a test
impurity.
The entropy current is given by
Sµ = suµ + S˜µ; S˜µ = ξSωω
µ + ξSBB
µ. (5)
where s is the entropy density.
The 4-vector uµ defines the local reference frame of the
fluid (the frame in which uµ = (1,0)). The well-known
freedom of choice of this frame is used to optimize the
form of the equations. E.g., we can choose it to be the
frame in which T 0i = 0 (Landau) or J i = 0 (Eckart) or
Si = 0 (entropy frame). These three choices coincide for
a normal fluid flow in equilibrium, as we discussed above,
but for the anomalous transport (CME or CVE) these
choices are different.
The freedom of choosing the local reference frame al-
lows us, starting from any choice, to redefine the velocity
by, e.g.,
uµ → uµ + αωω
µ + αBB
µ, (6)
where αω and αB are arbitrary coefficients. Then the
anomalous transport coefficients in Eqs. (3), (4) and (5)
would change accordingly:
ξTω → ξTω − wαω ; ξTB → ξTB − wαB; (7a)
ξJω → ξJω − nαω; ξJB → ξJB − nαB; (7b)
ξSω → ξSω − sαω ; ξSB → ξSB − sαB; (7c)
One can, and we shall, use this freedom to go to a
frame which is most suitable for a given purpose – in our
case, the frame where drag vanishes.
The second law and the drag — Combining equa-
tions (1)–(5) with the first law dε = Tds + µdn we can
calculate the divergence of the entropy current and use
the second law as a constraint [9, 10] to establish the
relations (invariant under (7)) between the coefficients:
TdξSω + µdξJω − dξTω = Kω dp/w; (8)
TdξSB + µdξJB − dξTB = KB dp/w; (9)
ξJω − 2(TξSB + µξJB − ξTB) = −Kω n/w; (10)
ξJB − µC = −KB n/w, (11)
where we defined the following linear combinations:
Kω ≡ 2TξSω+2µξJω−3ξTω; KB ≡ TξSB+µξJB−2ξTB .
(12)
With that, the heat production rate is given by:
T (∂ · S) =
(
u−
Kωω +KBB
w
)
· F (13)
Note that under transformations in Eqs. (7)
Kω → Kω + wαω ; KB → KB + wαB , (14)
which is also clear from Eqs. (6), (13) and the fact that
the entropy production should not depend on our choice
of local reference frame uµ.
Although the discussion can be continued using arbi-
trary frame, we find it most convenient to fix the frame
now by conditions [14]
Kω = KB = 0. (15)
With this choice, the only remaining nonzero term in
the r.h.s. of Eq.(13) is u · F . The requirement that it be
non-negative for an arbitrary fluid flow and heavy quark
4-velocity U fixes vector F up to an arbitrary, but non-
negative, coefficient, λF ≥ 0:
Fµ = λF (u
µ + Uµ(u · U)) (16)
Both terms in Eq. (16) are needed because fluid cannot do
work on a static impurity and thus F0 must vanish in the
frame defined by U , i.e., U · F = 0. One can also arrive
at this condition by considering the 4-momentum of a
heavy quark Pµ =MUµ and requiring that the transfer
of the 4-momentum Fµ ∼ dPµ/dτ does not violate the
mass-shell condition P · P =M2.
The second law of thermodynamics T (∂ · S) = u · F =
λF ((u ·U)
2−1) ≥ 0 only constrains the sign of λF , whose
magnitude could be a (local) function of hydrodynamic
variables ε, n as well as u · U and coordinates.
Eq. (16) implies that F = 0 when U = u, i.e., if the
heavy quark (or impurity) is at rest in the reference frame
we chose. In other words, the frame where coefficients
3obey Eq. (15) is the no-drag fame. When both velocities
are small U ≈ (1,V ) and u ≈ (1,v), the drag force is
proportional to the relative velocity F ≈ −λF (V − v),
as one would expect, and the heat production rate is
u · F ≈ λF (V − v)
2.
Anomalous coefficients in the no-drag frame — In or-
der to determine the anomalous flows of energy, charge
and entropy in the no-drag frame we need to determine
the six coefficients ξ in this frame. There are six equa-
tions: two differential equations (8), (9) and four alge-
braic Eqs. (10), (11) and (12) together with (15). They
can be solved easily, e.g., using algebraic equations to
express all coefficients in terms of ξSω and ξSB and then
integrating Eq. (9) which gives
ξSB = XBT (17)
with an arbitrary constant XB and after that Eq. (8)
which gives
ξSω = 2XBµT +XωT
2 (18)
with another arbitrary constant Xω.
Substituting Eqs. (17) and (18) back into the algebraic
equations we determine remaining four transport coeffi-
cients ξ:
ξJB = Cµ (19)
ξJω = Cµ
2 +XBT
2 (20)
ξTB =
1
2
Cµ2 +
1
2
XBT
2 (21)
ξTω =
2
3
Cµ3 + 2XB µT
2 +
2
3
XωT
3 (22)
It is remarkable that in the no-drag frame anomalous
transport coefficients are polynomials in T and µ [15].
The polynomial coefficients have been also found in calcu-
lations using Kubo formulas (see [16] and refs. therein),
in the calculations in Ref. [17], where the ansatz equiv-
alent to (15) was used to bypass equations of motion, in
kinetic theory calculations [18] and in holographic cal-
culations in Ref. [19], where the frame was defined by
horizon normal 4-vector. Despite the results suggesting
a special nature of the frame, the simple physical signif-
icance of it – being the no-drag frame – has not been
realized till now.
It has been also suspected that the special frame may
be characterized by vanishing entropy flow e.g., [12, 20],
in particular, based on the superfluid analogy [21]. This
is not true in general, as we shall now discuss.
Entropy flow — It is remarkable, but not unexpected,
that, even though the fluid carries energy flow, a static
heavy quark (impurity or obstacle) experiences no drag.
This reflects dissipationless, persistent nature of the
anomalous currents, similar to the superfluid currents.
For comparison, relativistic superfluid hydrodynamics
is described by constitutive equations with
T˜ µν = v2ψµψν , J˜µ = −v2ψµ, S˜µ = 0, (23)
where ψµ = ∂µφ+Aµ and φ is the Goldstone field (phase)
obeying Josephson equation u · ψ = µ [22]. Using dε =
Tds+µdn+v2ψ·dψ one can again show that T∂·S = u·F ,
i.e., superfluid flow does not contribute to drag.
Superfluid flow does not transport entropy (23). On
the other hand, the anomalous entropy flow in the no-
drag frame is proportional to the coefficient XB in
Eq. (17) which is related [23, 24] to the mixed gauge-
gravity anomaly given by the trace of the charge genera-
tor. In cases when that coefficient is zero, e.g., considered
in Ref. [12], the entropy current is absent. However, this
property does not hold more generally, as equations (17)
and (18) show.
We can verify these general results and better un-
derstand the physics involved by using examples where
the hydrodynamic behavior is derivable from a micro-
scopic description. We shall consider two such examples:
CVE in Lorentz invariant chiral kinetic theory with col-
lisions [25] and CME in a chiral gauge plasma at high
temperature.
Examples —The Lorentz invariant chiral kinetic equa-
tion is given by
∂ · j = C[f ] (24)
where jµ is the covariant phase-space particle number
current and C is the collision rate for a given distribution
function f (see Ref. [25] for details). A uniformly rotating
equilibrium solution to this equation can be written as
f = (eg + 1)−1 where [25, 26]
g = βu · p+
1
2
ΩµνS
µν − βµq. (25)
The property which ensures the detailed balance and van-
ishing of C[f ] is that g is a linear combination of quanti-
ties conserved in each collision: 4-momentum pµ, angular
momentum Sµν and particle number (charge) q, where
βuµ, Ωµν and βµ are the coefficients [25, 26].
Let us now show that for the solution given by Eq. (25)
drag would be absent in the frame given by uµ. To de-
scribe an impurity we need to add another term into the
kinetic equation describing collisions of the particles with
the impurity:
∂ · j = C + CU ; CU =
∫
AB
CAB (26)
CAB =WB→A −WA→B (27)
WA→B[f¯ ] = |M2(E, θ)|
2 (2pi) δ(pA ·U−pB ·U) f¯A(1−f¯B),
(28)
4where the matrix element is a function of two indepen-
dent Lorentz invariants: the energy E = pA ·U = pB ·U ,
and the scattering angle θ, or pA · pB = E
2(1− cos θ) in
the frame U . The distribution function f¯ is also evalu-
ated in frame U . The collisions in CU do not conserve
3-momentum, unlike those in C. However, collisions are
elastic and the energy is conserved in the frame U where
the impurity is at rest.
The drag force is given by the rate of momentum trans-
fer from the colliding particles to the impurity:
Fµ =
∫
AB
CAB (pA − pB)
µ (29)
The energy conservation in Eq. (28) ensures that
U · F = 0. However, even for an equilibrium solution in
Eq. (25) with generic uµ the 3-momentum transfer need
not vanish – the impurity will experience a drag, as ex-
pected. Correspondingly, the distribution function ob-
tained from Eq. (25) will not satisfy the detailed balance
conditionWB→A =WA→B because such g is not a linear
combination of conserved quantities – the 3-momentum
in frame U is not conserved in Eq. (28). Thus the solu-
tion to the kinetic equation (24) given by Eq. (25) will
not solve the kinetic equation (26). In other words, the
impurity will disturb the flow.
However, when u = U , the component of momentum
appearing in Eq. (25) u ·p = U ·p (the energy in frame U)
is conserved according to Eq. (28). Thus detailed balance
will be satisfied when U = u, i.e., CAB = 0. This then
ensures that CU = 0, i.e., the distribution in Eq. (25)
with u = U is still an equilibrium solution, and that the
drag force in Eq. (29) vanishes even though particles do
scatter off impurity.
The CVE transport coefficients for the distribution in
Eq. (25) have been calculated in Ref.[25]:
ξJω =
µ2
4pi2
+
T 2
12
; (30)
ξTω =
µ3
6pi2
+
µT 2
6
; (31)
ξSω =
µT
6
. (32)
In agreement with Eqs. (20), (22) and (18) they are poly-
nomials in µ and T , with C = 1/(4pi2), XB = 1/12 and
Xω = 0.
As another example, we can consider CME in a non-
abelian chiral quark-gluon plasma at high temperature.
It is known that anomalous flows in the frame used to
define canonical thermal density matrix e−βHˆ agree with
Eqs. (30) in non-interacting limit [16], and we expect
the same even with interactions. To check the value of
the drag, we can take the 1-gluon scattering rate with
momentum transfer q in this frame given by [27]
R(q) =
dΓ
d3q
=
αsT
2pi2
CR lim
q0→0
ρL(q
0, q)
q0
, (33)
where CR is the color Casimir and ρL(q) = −2 ImG
00
R (q)
is the longitudinal gluon spectral density. Because G00R
is real in coordinate space, the Fourier transform satis-
fies ρL(q
0, q) = −ρL(−q
0,−q). Since also ρL(q
0, q) →
q0f(q) for q0 → 0, we must have R(q) = R(−q), and
the drag force on the heavy quark vanishes
F =
∫
q
qR(q) = 0 (34)
independently of the external magnetic field.
Conclusions — We observed that the second law of
thermodynamics constrains the dependence of the drag
force on the velocity (up to an overall positive coefficient
whose value is determined by the microscopic details of
the interaction between the obstacle and the fluid). In
equilibrium, the drag vanishes when the obstacle is at rest
in a certain frame associated with the fluid – the no-drag
frame. Conversely, for a fluid flowing through a pipe, the
drag forces on the walls will dissipate the normal flows
until they vanish in the frame where the walls are at rest.
For a normal fluid in equilibrium all conserved currents
(energy, charge, entropy) vanish in that rest frame.
However, as we have shown, for a fluid carrying anoma-
lous CME or CVE currents, the no-drag frame is char-
acterized by certain non-zero values of the anomalous
currents proportional to the magnetic field or vorticity
with coefficients given by Eqs. (17)–(22).
It is useful to invoke the Landau’s two-fluid picture of
superfluidity [11]. In this well-known picture, the normal
component of the flow exerts drag and generates entropy
moving past an obstacle, while the superfluid component,
as the name implies, flows with no drag. The no-drag
frame is the frame where the normal flow vanishes. The
equilibrium superfluid flows of energy and charge, how-
ever, do not vanish in that frame (23). Similarly, the
anomalous CME and CVE flows of energy and charge do
not vanish in the no-drag frame. In this sense, anomalous
flows are also “superfluid”.
This analogy breaks down when we consider the en-
tropy flow. The superfluid flow (proper) carries no en-
tropy (23). In contrast, both CME and CVE anomalous
currents do, in general, carry entropy (as well as energy
and charge), according to Eqs. (5), (17), (18).
The absence of the drag associated with anomalous
chiral transport may have phenomenological implica-
tions [12]. It would be also interesting to explore physical
applications (e.g., in a thermomechanical effect) of the
novel and unusual fact that persistent, non-dissipative
anomalous currents can carry entropy.
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